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Estimation of covariance matrix for Stein’s loss
on a two-step monotone incomplete sample

Shin-ichi TSUKADA

Abstract

For a two-step monotone incomplete sample, it is known that Anderson][1]
derived the maximum likelihood estimator for the population mean vec-
tor and the population covariance matrix. Then Tsukada[8] derived the
unbiased estimator for the covariance matrix.

On the other hand, Richards and Yamada[6] estimated the mean vector
based on the loss function. In this article, we deal with the inference
for the covariance matrix based on Stein’s loss function. The estimator,
which has the minimum risk, is proposed, and we compare the risks of the
maximum likelihood estimator with the unbiased estimator, and with the
proposed estimator, respectively.
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1 Introduction

We consider a monotone incomplete data, which was drawn from a multivari-
ate normal population consisting of mutually independent observations of the
following form;

)G (o) (F) ()0

where each X; € RP andeachY; € R?; (X;,Y;)’, i =1,...,n are observations
from N1 4(p,X), and the incomplete data X;, i = n+1, ..., N, are observations
of the first p elements of the same population.

To ensure that all means and variances are finite and that all integrals sub-
sequently encountered are absolutely convergent, we also assume that n > p+ 2
and N > n > p+ ¢ (Chang and Richards[3]). As explained by Yamada, et
al.[9], we also assume that data are missing completely at random to derive the
maximum likelihood estimators fi and 3.

Anderson[1] and Anderson and Olkin[2] derived the maximum likelihood es-
timator (MLE) for p and 3, while Kanda and Fujikoshi[5] investigated some of
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their properties. Chang and Richards[3],[4] derived a stochastic representation
for the exact distribution of the MLE fi and 3 for a two-step monotone incom-
plete sample. They obtained an ellipsoidal confidence region for wu, and con-
sidered hypothesis testing for the covariance matrix. Richards and Yamada|6]
studied the Stein phenomenon for a two-step monotone sample. They derived an
improved estimator for p. Recently, Tsukada[8] derived an unbiased estimator
(UBE) for ¥ and investigated its properties.

In this paper, we consider the inference for the covariance matrix > us-
ing Stein’s loss function on a two-step monotone incomplete sample. We have
obtained a new estimator and have discussed its properties in Section 2. In Sec-
tion 3, we investigate the accuracy of the new estimator by performing numerical
simulations.

2 Estimation of covariance matrix for Stein’s
loss

Let the missing ratio be 7 = (N —n)/N. We decompose p and ¥ as follows;

_ [ M1 3 — 31 Y2

H (Hz)’ (221 Y92 )’

where p; and p, are a p-element vector and g-element vector, respectively; 311,
312 = X5, and Bgy are of orders p X p, p x ¢, and g X g, respectively. We also

define the Schurz complement oo = oo — ZglEﬁlﬁlg.
Define the sample mean vectors

B 1 n B 1 N
Xlzﬁgxi, X, = N_ni;IXi,
_ 1< _ 1
Y:E;Y“ X:N;X“

and the corresponding matrices of the sums of squares and products

n n

Ann =Y (X - X)) (X;—X1), Ap =45, =) (X;-X,) (V;-Y),
=1 i=1
n N
An =3 (Yi-Y) (vi-Y), Any =) (Xi-X) (X:—X)".
i=1 i=1

The MLE is represented as follows:

/3’1 :X’ lAl,z:Y—(l—T)AglAﬁl,n (Xl _X2)7 (2)
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- 1

X = NAll,Na
~ 1 _
Y2 = NAH,NAnl,nAlQ? (3)

. 1 1 - -
B = pAmict AR AT AN s AT A

As shown by Kanda and Fujikoshi[5], the expectation of 3 is

2[5 =52+ 7 (05 ):

where

(N=—n){n—-(+1){p+2)}
n(n—p—2) ’

The MLE is biased. Tsukada[8] proposes the UBE 3 as follows:

bo = —

N

SNy — . 4
N_1 22 — Co2422.1, ()

~ N . - N . -
Yii1=——-2X Yio=——-2X Yo =
1= T 12 = o2 22
where
(N=n)(p+1)(p+2) —n(N—n)
(N=1)(n-p=2)(n—-p-1) ’
and shows that the risk of the UBE is smaller than the risk of MLE for Stein’s
loss. By expanding the MLE and the UBE, the asymptotic distribution of these
estimators was derived.

Let A1; and Ass be pxp and g x q positive definite matrices, respectively. Let
A1 be a ¢ x p matrix and let 1 and v5 be p x 1 and ¢ x 1 vectors, respectively.

We define
o A11 O . Ip O o V1
s ) e-(n) =)o

and consider the set of affine transformations of the data in (1) to be of the

form
X7\ _ X .
(Yfk) _AC(Yi>+V’ 1=1,...,n,

(3

Co =

(6)
X;:A11Xj+l/1, j=n+1,...,N.

Romer and Richards[7] also considered the transformation in (6), and noted that

as Aq1, A1, Ago, and v vary over their respective parameter spaces. The set of

all transformations in (6) forms a group; in particular, each such transformation

is invertible.
We consider a class of estimators, which is of the form

. - O O
{25d12+d2<0222.1>‘d1,d26R}. (7)
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This class is invariant for the transformation in (6), and includes the MLE and
UBE. We derive the estimator, which minimizes the risk for Stein’s loss function

L(AE) =tr (27"A) —log lg: (p+q), (8)

where A is an estimator of ¥. We calculate the risk of this class of estimators
as follows:

R(iz,z) - R(dlﬁ:+d2<g 22021>,2>

— d,E [trE_lﬁJ} + doF [u«z—l <O 0 )}

O X9
3 B }
—F |lo —log |X|| — (p+q). 9
oe | 511 52|~ tox =] - 0+ 0 o)
Since
1 N -1 bo
E[t s3] = 24,
r | N Pra)+1a
4,[/0 O \] n—p-—1
E [trz~! . =
[r <0 2221) no "
Sh S ’ 11‘ ‘ 22-1‘
E |lo —log|X|| = FE |lo +lo
[ g‘zm P el | g|211| g|222-1|
= plog|di| + M1 + qlog |di + da| + Mas.1,
where
[ 211‘ F/ N ]
My; = FE |lo = —plo +
11 g|211| p g< > Z N ]
[ ZA)22.1‘ n a I [(n—p—
p—1)/2]
Mooy = E |lo — —qlo (—)+ L=
B8l |~ 1\ ;r[m—p—wm
the risk is
.. N -1 bo n—p-—1
X.X)=d dy  ———
rE.2) = a {0+ a0

—plog |d1| — My — q10g|d1 + dgl — Mooq — (p+ q) (10)

By differentiating the risk and assuming zero, we consider d; and dy in order to
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minimize the risk as follows:

N(n—p-—2)

R ] ) B )| R
. (1-T)N? ~ N(p+2) "
(1-7)N2=N@p-q+3—-7)—(p+2)(¢—1)
gy = N+ DE+2) —np et Dy +nlp+2)(g—1) +n
Nn—p-1n-p+tqg—2)—(n—p-1{n+(p+2)(¢—1)}
_ N(A-71)ptg+7)-N@p+2)(pta+7—7q (12)
F(N) ’
where

F(N) = N3(1 -7+ N?(2p—q+4—1)
+N {p* +p(5—2¢+7q—27) — 3¢+ 27q — 37 + 5}
+(+1(p+2)(g—1).

Therefore, we obtain the following theorem.

Theorem 2.1. We again denote the estimator as 3 and call the minimum risk
estimator by this estimator, when dy is (11) and dg is (12). Since the minimum
of the risk is

Nn—p—2)

R = ot | N T BT

—qlog

‘ — M1 — Maaq,
n—p—1

the difference between the risk of the MLE and that of the minimum risk esti-
mator 18

R(%, %) — R(E,%)

p+aq  bo
SN W
N(n—p-—2) ‘ ‘ n '
+plog + qlog | ———|.
Nn—p+qg—2)—n—(p+2)(¢g—1) n—p-1
Proof. Because the risk of the MLE is
3 p+aq  bo
R(E,E):—— 204 — My — Mo, 13
N -l—Nq 11 22:1 (13)

from Tsukada[8], the difference between the risk of the MLE and that of the
minimum risk estimator is obtained. O

Also, the expectation of this estimator is as follows:
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Theorem 2.2. The expectation of the risk minimum estimator is

E {2} =a1X + as (8 2(2)2_1>, (14)
where
0 — (N-1D(n—-p—2)
T Nm—pt+q-2—n—(p+2)(g—1)
gy = MNP Hg+ DA N+ D(p+2) +nlp+2)(g-1)

n?(N—1)=N(p—q+2)—n(p+2)(¢g—1)
Proof. We can obtain this result using the following expectations:

p[s] =55 (0w, )

- _JN-1 p N-p-—2 By
E[222.1]{ N N.n—p—Q N(n—p—?)}222

bo By
0,20 s
+{N+N(n—p—2)} 21

where
Bo=n*4+n(N-n—-2p—3)—(p+1)(2N —2n —p—2).
O

The asymptotic distribution of this estimator is derived in a manner that is
similar to the case of the MLE and the UBE.

Theorem 2.3. The estimator
.. .. .. /
\/N ('UEC (211 - 211> , vec (212 - 212> , vec (222 - EQQ))

is asymptotically distributed as a normal distribution with mean vector 0 and a
covariance matric

©11 O12 O13
0= | O}y O2 023 |, (15)
! !/ @
13 Y23 Ys3
where K ;; is a commutation matriz and
On = (Ip2 + Kpp) (11 @ Bny), O =2 + Kp) (T2 © 211),
O3 = (Ip2 + Kpp) (B12 @ Xi2),
1 T B
Ogp = 11—+ (o2 ® X17) — 1T~ (2212111212 ® 211) + Ky (B12 ® Za1),
1
O3 = Ty (B2 @ X2) (12 + Kyq)
7- —
T (Z21Z'B12 @ Z12) (T2 + Kygg),
1
O3 = 1 T(IqQ + Kqq) (322 ® Ba2)
T

1 T(Iq2 + Kyg) (137, 12 © 391 57 B1) -
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Proof. When the sample size N increases, the coefficient d; and dy including
3l converge to 1 and 0, respectively. Furthermore, according to Tsukadal[8], the
asymptotic distribution of the estimator X is the same as that of the MLE. [

The differences between the risks in Theorem 2.1, the expectation, and the
convergence to the asymptotic distribution are evaluated in the next Section.

3 Numerical simulation

We perform numerical simulations to verify the expectation of the minimum risk
estimator and the convergence to the asymptotic distribution of the estimator
obtained in Section 2. Also, the risks were evaluated by numerical calculations.

3.1 Asymptotic distribution
We define the population distribution as follows. Write by

X =

> =
A A
YRS
[SSR)

2 T
N W
T DD
N W e Ot
N W e OO

and A = diag(c®,0°,...,0%,0,1).

DD
T =D
DD T

DD T
o Ul W N
DD
CUoR W N
T T
B
.

w N

o

T P
_

p

We assume that the population distribution is the 7-variate normal distribution
with mean vector 0 and the covariance matrix ¥ = APA. Let p =4 and ¢ = 3.
We set p=0.15 and 0 = V2. The total sample sizes N are 500 and 1000. The
missing rates 7 are 0.2, 0.4, 0.6, and 0.8. The number of simulations performed
was ten thousand.

Let

v=VN (vec (211 — 211> , Vec (212 — 212) , vec (222 — 222)>/.

To investigate the convergence to the asymptotic distribution, we simulated the
lower probability of v’©~!wv for the percentile of the chi-squared distribution
with (p+¢)(p+q+1)/2 = 28 degrees of freedom. Table 1 denotes the result in
the case of N = 500, and Table 2 denotes the result in the case of N = 1000.

The convergence in the case of N = 1000 is better than that in the case of
N = 500. As the missing rate 7 increases, the convergence to the asymptotic
distribution worsens, but we find that the distribution of the estimator almost
converged to the asymptotic distribution for a range of more than 90%. Because
most of the lower probability for N = 500 and N = 1000 converge when 7 =
20%, it is believed that we can use the asymptotic distribution in the case of
7 < 20% and N > 500.
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Table 1: The lower probability for N = 500.

T | 1% 5% 10% 50%  90%  95%  99%

20% | .0095 .0483  .0976 .5076 .9066 9541 9912
40% | .0089  .0458  .0950 .5029 9076 .9548 9913
60% | .0079  .0422  .0887 .4980 9067 .9553 9916
80% | .0048 .0291  .0666 .4560 .8979 .9505 .9903

Table 2: The lower probability for N = 1000.

T \ 1% 5% 10% 50% 90% 95% 99%

20% | .0094 .0484  .0984 .5053 9045 9530 .9905
40% | .0095 .0482  .0978 .5027 9041 .9520 .9904
60% | .0090 .0461 .0941 4941 9019 9516 9905
80% | .0068 .0387  .0827 4767 .8996 .9505 9899

3.2 Expectation of the minimum risk estimator

We assume that the population distribution is the same as mentioned in the
above subsection and the number of simulations is ten thousand, and we inves-
tigated the expectation of the minimum risk estimator. The symbol S denotes
the expectation of the minimum risk estimator obtained by simulation. To in-
vestigate the accuracy of equation (14), we simulated as follows. We estimate

the expectation as
S = SU }Z:Ek,

where N; is the number of simulations and 3 is the minimum risk estimator
in each simulation, and we calculate the error

p+q p+q

E = ZZ(S” — E[65])

=1 j=1

p P p  ptq p+q p+q
. 2
= E E (sij — E[G45])° + E E (sij — E[64;]) 4+ E E (845 — E[5;])
=1 j=i i=1 j=p+1 i=p+1 j=i

= F1 + Ei2 + Eao.

In each Table, the notation x¥ indicates the value z x 10Y.

Because each error is almost the same when N = 200 and N = 500, and the
total error is considered to be a range of simulation errors: thus, the expectation
(14) appears to be correct.



Estimation of covariance matrix for Stein’s loss on a two-step monotone incomplete sample

Table 3: Error between the expectation obtained by the simulation and expec-
tation in (14)

N =200 N =500
T Eqq Eio Eyo E Eiq Eio Eyo E
20%] 7.342=% 9.5717° 8.516°[9.150*[| 1.618=% 1.97375 9.370-6[1.909—*
40%| 1.5987% 2.8107° 3.4637*|5.3424||2.787~* 2.7617° 5.8567°|3.649~*
60%)|6.616=% 5.607° 1.54173(2.25972(2.094~* 3.5007° 2.378*|4.821~*
80%|4.0477% 4.1057° 7.91773(8.36373( 1.1987* 6.2717° 1.22173|1.40373

In the given scenario, we calculated the coefficients for X and Xs9.1 in the
case of N = 200 (Figure 1). The thin dashed line denotes the coefficient of the
MLE and the dashed line denotes that of the minimum risk estimator. Similarly,
the thin line denotes the coefficient for 355.1 of the MLE and the line does that
of the minimum risk estimator. One sees that the coefficient for ¥ converges
to 1 and the coefficient for 355.1 converges to 0 as the missing rate T decreases.
By considering the speed of convergence of each coefficient, we have that the
MLE is better than the minimum risk estimator from a biased perspective.

________
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Figure 1: Coefficients in the case of N = 200
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Figure 2: Difference in Risk for N = 200

3.3 Risk of estimators

We investigated the difference in the risk of the MLE and the UBE, and the
difference in the risk of the MLE and that of the minimum risk estimator.
Because the differences in the risks depend on the sample sizes N and n, and
the dimensions p and ¢, we adopted the above setting as these parameters. In
each figure, the dashed line denotes the difference in the risk of the MLE, and
the thin line denotes the difference in the risk of the MLE and that of the
minimum risk estimator.

The risks decrease when the sample size N increases. However, there are
similar tendencies in both cases (N = 200 and N = 500). As the missing rate
T increases, the risks also increase. We have that the risk of the minimum risk

estimator was the smallest, and the risk of the unbiased estimator was smaller
than the risk of the MLE.
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Conclusions

We derived an estimator, which has the minimum risk for Stein’s loss on a class
of estimators, and investigated their properties. We obtained that its asymptotic
distribution is the same as that of the MLE, but the estimator is biased. We
are preparing to submit the result for the quadratic loss, and in future, we hope
to study cases for other loss functions.
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