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Mathematical Model of Laminar Whirling Buoyant Flow

Etsuo MORISHITA!, Ichiro KUMAGAI?

In this paper, the laminar whirling buoyant flow in a rotating vertical pipe with an axial line heat source of constant temperature

is solved analytically. While there are numerous detailed experimental and numerical investigations of the thermal spiral flows, the

analytical solution is an approximate model of a laminar fire whirl. In laboratory experiments, the thermal whirling flow is generated

by a point heat source with a pair of stationary vertical eccentric half pipes; instead, a constant circumferential pipe wall velocity

is given as one of the boundary conditions in this model. The Boussinesq approximation is applied for the buoyancy. The Navier—

Stokes equations in cylindrical coordinates are simplified by neglecting the inertia terms. The derivatives along the vertical axis

vanish based on the assumption of fully developed flow. The radial velocity component is also zero owing to the same assumption.

The quantities along the circumferential direction remain unchanged. The buoyancy velocity distribution is similar to that of the

Hagen—Poiseuille flow with an extra logarithmic term due to the radial temperature distribution. The tangential whirl velocity is

independently obtained as a potential circulation. The natural convective heat transfer formula is obtained, and the Grashof number

becomes a linear function of the Reynolds number, where the radius of the line heat source is a parameter.
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1. Introduction

The study of fire whirls is important for not only understanding
the natural phenomena but also preventing such disasters ()7, A
laboratory-scale fire whirl can be easily created with two
transparent plastic half pipes which are slightly off-center (i.e.
eccentric) ®. Alcohol can be used as the fuel at the bottom of the
vertical half pipes, and the resulting flame to rises because of
buoyancy. Combustion is very stable without the half pipes. When
the flame is surrounded by a pair of eccentric vertical half pipes, a
small fire whirl develops owing to the circulation from the vertical
slits between the two pipes.

Another interesting experiment is a smoke whirl with a
mosquito coil, as shown in Fig. 1> (19 At the very beginning,
smoke rises vertically yet fluctuates. After a while, the smoke
follows a spiral flow, which is equivalent to the fire whirl. In this
experiment, the flow can be visualized by a light sheet. A
horizontal cross section is visualized and the smoke circulation is

visible; the vertical plane is also visualized.
In particular, this small laminar smoke whirl from the mosquito

coil can be modelled mathematically as buoyant pipe flow with a

line heat source of constant temperature along the vertical axis.

Cross section

Side view
Fig.1 Whirling smoke flow from a mosquito coil
(transparent half pipe diameter/height/oftset:100 mm/500 mm/10

mm)

Instead of the two side slits in the experiment, a constant
circumferential wall velocity is wused. The Boussinesq
approximation is applied for the buoyancy. The convective terms
should be negligible in the spiral smoke flow, so the Navier—Stokes

equations in the cylindrical coordinate are simplified accordingly.
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The vertical and the radial derivatives vanish owing to the
assumption of fully developed flow. The tangential flow

derivatives also vanish.

2. Governing Equations and Solutions

Figure 2 shows the present equivalent flow model for
approximating the smoke whirl shown in Fig. 1. The circulation
from the side slits is replaced by the artificial tangential velocity of
the pipe wall to simplify the flow model. The line heat source at
constant temperature along the vertical axis models the heated
smoke, and this isothermal region is assumed to be gaseous.

The governing equations for an incompressible flow in

cylindrical coordinates of Fig. 2 are given as follows:
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where r is the radial coordinate, @ is the circumferential
coordinate, z is the vertical coordinate, v is the radial velocity,
u is the circumferential velocity, w is the vertical velocity, £ is
time, pis pressure, p is the density of air, # is the kinematic
viscosity, v is the dynamic viscosity, g is gravitational
acceleration, 7 is temperature, ¢« is the thermal diffusivity, T}
is the heat source temperature, T, is the wall temperature, O is

the line heat source radius and

o’ 0 0’ 0’

Vis—+—+ +—. (6)
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The following approximations are applied:
0 0 0 15/
v=0,—=0, —=0,—=0, P _ const.
ot 060 0z 0z
The governing equations without the convective terms become
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Fig.2 Spiral flow in cylindrical coordinates (r, 0,z )
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Combining Egs. (8) and (11), the tangential velocity is found to be

inversely proportional to the radial coordinate:

A
U=—. (12)
r
From Eq. (7), we obtain
AZ
P=P, =P (13)

where p,.;is the reference pressure. The pressure coefficient is
defined as

2
P—D. P
Cp51+1—f:1_(_fj . (14)
- puz r
2 ref
The energy equation, i.e. the radial heat conduction equation,

becomes
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with boundary conditions
T=T, at r=6 (0<r<J), (16)
T=T,at r=ar=a. 17)

From Egs. (15)—(17), the temperature is given by

r
In| —
T-T, AT a
= = . (18)
T, -T, AT ln(aj

w
a

The Boussinesq approximation is given by

Ap

p=po£l+_JEpo(l_ﬁAT)a 19
0

where /3 is the thermal expansion coefficient and p,, denotes the

ambient density. From Eq. (19), Eq. (9) becomes an ordinary

differential equation:

oP d dw
0=+ -2 P28 4 ppe(T-T,), 20
oz H rdr (F dr j ,O,Bg( W) 0)

where p = p, and the excess pressure P is defined as

P=p+pgz. 21
The boundary conditions for Eq. (20) are

Do at r=0, 22)

dr

w=0 at r=a. (23)

Equation (20) can be solved analytically with the temperature
distribution of Eq. (18) as follows:

1( GPJI 2{ (rj}
w=—|-——|=a|l-]| —
U\ oz )4 a

2 2 . (29
+¢%¥¥£Q;_lazl_(1J +(len1
ﬂ( 5) 4 a a a

—ln—
a

The first term in the right hand side of Eq. (24) corresponds to the
Hagen—Poiseuille flow; the second term, whose derivation
implicitly assumes & << a , represents the thermally driven flow.
In this simplified mathematical model, the radial velocity
component is zero, and the tangential velocity is independently
given by Eq. (12).

The average velocity w, is derived from the volume flow rate
O as follows:

s 25
dz 2’ 1 @3)

yln(ij

where d (= 2a) is the diameter. The dimensionless form of Eq.

_ 0 _ dz(_iﬁj+§11pﬂgAﬂa

(25) is

where the Grashof and the Reynolds numbers are defined together

with the normalized pressure and coordinate as follows:

Gy = AT ed

> , (27
14
Re = pwaved s (28)
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The first term in the right-hand side of Eq. (26) corresponds to the
different form of the pipe friction coefficient A =64/ Re owing
to the different reference velocity.

From Egs. (25) and (26), the flow condition Q >0 (Wave > 0)

is given by

G

At the critical condition Q =w, =0, we obtain

i
dz

et = I (>0). (32)

The velocity distribution at dP / dz becomes

critical
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the heated core ratio 0/ a as a parameter. Figures 6 shows the

w
1 1 (v) dP spiral path lines forr7/a =0.2,0.5 andl, and the same vortex
g ’ ? ’ (dj ’ E critical stream surface is shown in Fig.7, where
w z(tr) wet (wot N (rY. r
= . (33) — == ]| = | +|—| In—]|, (3%
li v é Gr a a a a a a
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Equation (33) represents an updraft in the core with descending and v = 0 . The pitch of the spiral is given by

airflow in the outer region. If the adverse pressure gradient is ) )

greater than dP / dz |, , the flow rate Q is negative and the w {1_(”) +(rj In r:|

buoyancy effect is hampered by the pressure, although this £ _w_ a a a
rd@ u u

situation is rather mathematical.
2 2
In the smoke whirl experiment shown in Fig. 1, effectively no w1 r + r In r
external pressure gradient exists: dP/dz =0 . e a a a

For a purely thermally driven flow with dP/dz =0 in - A - (40)
Eq.(24), we obtain r
2 2
3y Gr . aw, .| 7 r r r
w, =—=2 , (34) v e Y
we T a1 g 1 a a a a
lnT
(j In Fig.6, two non-dimensional values, i.e. circulation A and time
a t , are defined as follows:
- A
1l v Gr 2° A= (41)
Vo =57 7 1 = 3 Waeo (3%) ’
24 d | 1 3 AW
n——
(ﬂ 7= Yol (42)
a T4
, , From Eq. (40), the pitch of the spiral takes the maximum value at
w r r r ,
—=1-—| +]—| In—, (36) 2 ~0492
max a a a a ’ '
3 Gr
Re=—- , (37) 1 e
2 lnL —buoyancy flow
g
a
————— Poisueille flow
where w__is the maximum velocity along the vertical axis
r/a =0 . Equation (37) is derived from Eq. (34), and it indicates g
that the thermally induced flow is proportional to both the 3 051
temperature difference and the size of the heated core.
3. Computational Results
Figure 3 shows the thermally driven buoyant flow, Eq. (36), 0 ‘ .
together with the Hagen—Poiseuille flow. Figure 4 shows the 0 0.5 1

temperature distribution, Eq. (18). The temperature is assumed to rla

be constant as 7 =7, forO<r <o . The constant temperature ‘ o
core is assumed to be fluidic. Equation (37) is shown in Fig. 5 with Fig. 3 Buoyant and Hagen—Poiseuille flows
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Fig. 5 Buoyant flow with a line heat source size & /a

10

Fig. 6 Spiral path line

(r/a=02,0510, A=1, 0<t<2)0D

Fig. 7 Spiral stream surface

(r/a=02,0510, A=1, 0<z<2)0»

4. Concluding Remarks
A fire whirl can be generated in the lab by surrounding a flame
with a pair of eccentric half pipes. An alcohol lamp or a mosquito
coil is placed in the bottom of the pipe in the experiment. From the
experimental flow visualization, a simple mathematical model for
the laminar spiral buoyant flow was proposed. The model assumes
a fully developed flow with an axial line heat source at constant
temperature and pipe wall rotation instead of the circulation due to
the slits of the eccentric half pipes. The radial velocity component
is zero and the circumferential velocity component has the same
form as that of a potential-free vortex, i.e. inversely proportional
to the radial coordinate. The circulation is proportional to the pipe
rotational speed. The radial temperature is determined from the
heat conduction equation. The thermally driven vertical flow is
obtained in a closed analytical form from the temperature solution
with the Boussinesq approximation. The thermally driven flow has
a similar velocity distribution to that of the Hagen—Poiseuille flow
with an extra logarithmic term due to the temperature distribution.
The analytical solution of the spiral flow was visualized, and the
pitch of the spiral reaches its maximum near the midpoint between
the pipe wall and the axis. The radial heat transfer to the pipe wall
is obtained, and the Grashof number is proportional to the

Reynolds number.
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