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Conduction of Heat in a Ring-Shaped Circular Thin Plate Composed of
Two Concentric Ring-Shaped Circular Plates made of Materials
with Different Physical Constants

by Yoshio KODAIRA

Suppose a ring-shaped circular thin plate of radii b and a as shown in Fig. 1. This
plate is supposed to be composed of two concentric ring-shaped plates. The one is made
of material 1 and of radii b and a,, and the other is made of material 2 and of radii a,,
and a. The physical quantitics concerning the first ring are indicated by the suffix 1, and
those concerning the second are indicated by the suffix 2.

The diffcrent equations for the conduction of heat are given by (1) and (2). The
boundary conditions at the boundary of the two rings are (8) and (4). The initial con-
ditions are (3) and (G). We here consider four problems.

Problem I. The boundary conditions at r=0 and r=a are given by (7) and (8). The
solutions of the differential cquations arec (9) and (10), where Jo(reir), Jo(riae?)
are Bessel functions and Yo (r2a17), Yo (r1a2r) are Neumann functions. Aep, Bayy Cops Doy
are constants determined by the boundary and initial conditions.

The cigenvalues ey, rio;, are obtained from the two equations (22) and (26). These
curves are shown in Fig. 3. The curve (22) is a hyperbola and (26) is composed of
complicated concentric curves as shown in the figure.

The arbitrary functions are expanded in series of eigen-functions as shown by (63) and
(64) , where un(s,7), vn(s,7), V(ay,s, azs) are given by (48) (49) and (62).

The solution of the problem is given by (65) and (66). '

Problem II. In this problem the boundary condition (7) is replaced by (67).

The eigenvalues are calculated from the equations (22) and (78). These curves are
shown in Fig. 5.

The expansions of the arbutary functions f;(+) and f;(r) by means of ecigenfunctions
are (107) and (108), where X, (1), Xz s(7), (a1, s» @2,s) are (88), (89) and (106). The
solution of the problem is given by (109) and (110).

Problem III. In this problem the boundary conditions (3) and (4) are replaced by
(111) and (112) respectively.

In this case the cigenvalues are calculated from (22) and (118), and the curves showing
the above two equations are drawn in Fig. 7.

The expansions of the arbitrary functions f;(r) and f.(r) are given by (122) and (123),
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where Ul(a,s, az,s) is given by (124). wun(7,s), va(r,s) are given by (120) and (121).
The solution of the problem is given by (125) and (126).
Problem 1V. Here the boundary condition (112) in problem III is replaced by (127).

The eigenvalues are calculated from (22) and (128) and these curves are shown in
Fig. 9.

The expansions of the arbitrary functions are given by (133) and (134), where
X1,5(7) and Xz, 5(r) are given by (129) and (180) and F(a1,:, az,s) by (185). The solution
of the problem is given by (136) and (137).
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